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Abstract In this work, we use the notion of the support function to the feasible set map-
ping to establish second order necessary and sufficient optimality conditions for the optimistic
case of bilevel optimization problems. The main tools we exploit are approximate Jacobians,
approximate Hessians, second order approximations and second order contingent sets.
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1 Introduction

Bilevel programming problems have been considered e.g. in the papers [6,7,9,10,17,22,
23,25–27]. Necessary and sufficient optimality conditions without assuming that the lower
level problem is a convex one and without assuming uniqueness of optimal lower level solu-
tions can be found in the paper Ye and Zhu [26]. Under semi-Lipschitz property, Zhang
[27] extends the classical approach to allow nonsmooth problem data; he derives existence
and optimality conditions for problems in terms of the graph of the solution multifunction
to the lower-level problem using the coderivative of Mordukhovich [21]. Dempe et al. [13]
derive necessary optimality conditions for using the reformulation (P∗) below under a partial
calmness assumption.
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Second order optimality conditions are commonly used in mathematical programming.
They are also often very helpful in convergence analyses for solution algorithms. Quite a few
number of publications exist on second order conditions, among which we cite the papers
[1,8,14,15] for problems with C2 and C1.1 data, and [16,19] for problems with only C1 data.

In this paper, we investigate the bilevel optimization problem

(P) :
{

Minimize f (x, y)

subject to : 0 ∈ F(x, y), y ∈ S (x) ,

where, for each x ∈ R
n1 , S (x) is the solution set of the following parametric optimization

problem (the lower level problem){
Minimize

y
g (x, y)

subject to : 0 ∈ G(x, y),

where f, g : R
n1 × R

n2 −→ R are continuous functions, G : R
n1 × R

n2 ⇒ R
q and

F : R
n1 × R

n2 ⇒ R
p are given set valued mappings; n1 ≥ 1 and n2 ≥ 1 are integers. Since

the upper level problem (P) is formulated using the point-to-set mapping S, it belongs to
the class of set-valued optimization problems. Another approach to see this is the one given
in [11].

A pair (x, y) is said to be a local optimal solution to (P) if it is a local optimal solution
to the following problem: min(x,y)∈S f (x, y) where

S = {
(x, y) ∈ R

n1 × R
n2 : 0 ∈ F(x, y) and y ∈ S (x)

}
.

This is the optimistic approach in bilevel programming; for more details, see [11] and the
references therein.

Problem (P) is a sequence of two optimization problems in which the feasible region of the
upper-level problem is determined implicitly by the solution set mapping of the parametric
lower-level problem.

The rest of the paper is written as follows: Sect. 2 contains basic definitions and preliminary
results. Sections 3 and 4 are devoted to second order necessary and sufficient optimality con-
ditions.

2 Preliminaries

Let H : R
p ⇒ R

q be a set-valued mapping. For every y∗ ∈ R
q , the support function of H

at x is defined by

CH
(
y∗, x

) := inf
y∈H(x)

〈y∗, y〉,

where 〈., .〉 is the inner product.
Let S be an arbitrary nonempty subset of R

n1 × R
n2 . The contingent cone to S at u is

K (S, u) :=
{

d ∈ R
n1 × R

n2 : ∃ (tn) ↘ 0, ∃ (dn) → d such that
u + tndn ∈ S, ∀n

}
.

The second order contingent set to S at u in the direction d ∈ R
n1 × R

n2 is

K 2 (S, u, d) :=
{

w ∈ R
n1 × R

n2 : ∃ (tn) ↘ 0, ∃ (wn) → w such that
u + tnd + t2

n wn ∈ S, ∀n

}
.
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Remark 2.1 Let S be an arbitrary nonempty subset of R
n1 × R

n2 , u ∈ S and d, w ∈
R

n1 × R
n2 . Then,

w ∈ K 2 (S, u, d) �⇒ d ∈ K (S, u) .

Remark 2.2 The set K 2 (S, u, d) is in general not a cone, and it might be empty when S is
not a polyhedral set, see [24].

The following proposition gives geometric properties of second order tangents. For more
details, see Propositions 13.12 and 13.13 in Rockafellar and Wets [24].

Proposition 2.3 [24] For any u ∈ S and any d ∈ K (S, u) , the set K 2 (S, u, d) is closed.
Moreover, if S is closed and convex, one has

K 2 (S, u, d) + v ⊂ K 2 (S, u, d) for all v ∈ K (S, u) .

If S is a polyhedral set, then

K 2 (S, u, d) = K (K (S, u) , d) = K (S, u) + Rd.

In the sequel we need the following definitions. Let f : R
n → R and u ∈ R

n .
Then, L (Rn, R) denotes the set of all continuous linear operators mapping R

n to R, and
B (Rn, R

n, R) is the set of all continuous bi-linear operators mapping R
n × R

n to R. BRn

denotes the closed unit ball of R
n centered at the origin, and R

n+ is the nonnegative orthant
of R

n .

Definition 2.4 [2–4] The set A f (u) ⊂ L (Rn, R) is a first order approximation of the func-
tion f at u if for all ε > 0 there exists δ > 0 such that

f (u) − f (u) ∈ A f (u) (u − u) + ε ‖u − u‖ BR

for all u ∈ u + δBRn .

Definition 2.5 [2,3] The couple
(

A f (u) , B f (u)
) ⊂ L (Rn, R)× B (Rn, R

n, R) is a second
order approximation of f at u if

(1) A f (u) is a first order approximation of f at u, and
(2) for all ε > 0 there exists δ > 0 such that

f (u) − f (u) ∈ A f (u) (u − u) + B f (u) (u − u) (u − u) + ε ‖u − u‖2
BR

for all u ∈ u + δBRn , i.e. for all ε > 0 and for all u ∈ u + δBRn there exist δ > 0, A ∈
A f (u) and B ∈ B f (u) such that

f (u) − f (u) = 〈A, u − u〉 + 〈B (u − u) , u − u〉 + ε ‖u − u‖2 .

Definition 2.6 [18]

(1) Let f : R
n → R

p be a function. A closed subset ∂ f (u) of L (Rn, R
p) is called an

approximate Jacobian (generalized subdifferential) of f at u if for every u ∈ R
n and

v ∈ R
p
+ one has

lim inf
t↘0

〈v, f (u + tu)〉 − 〈v, f (u)〉
t

≤ sup
M∈∂ f (u)

〈v, M (u)〉 .
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(2) For a local C1 function f : R
n → R around u, a closed set ∂2 f (u) ⊂ B (Rn, R

n, R)

is said to be an approximate Hessian of f at u if it is an approximate Jacobian of ∇ f
at u.

Remark 2.7 For continuous functions, approximate Jacobians are examples of first order
approximations.

Proposition 2.8 Let f : R
n → R be a local C1 function around u and let, for every u close

to u, ∂2 f (u) denote an approximate Hessian. Suppose that ∂2 f (.) is upper semi-continuous
in an open neighborhood of u. Then, f admits

(∇ f (u) , 1
2 cl co ∂2 f (u)

)
as a second order

approximation at u.

Here, cl coA denotes the closure of the convex hull of a set A.

Proof Let π > 0 be such that f is C1 on u + πBRn and let ε > 0. Since ∂2 f (.) is upper
semi-continuous, there exists π > δ > 0 satisfying

∂2 f (u) ⊂ ∂2 f (u) + εBRn×Rm (2.1)

for all u ∈ u + δBRn .
Let u be an arbitrary element of u +δBRn . From [18], taking v := u −u and using the gen-

eralized Taylor’s expansions for C1 functions, there exist c ∈ ]u, u[ and M ∈ cl co ∂2 f (c)
such that

f (u) − f (u) = 〈∇ f (u) , v〉 + 1

2
〈Mv, v〉 .

Using (2.1), we derive

f (u) − f (u) ∈ 〈∇ f (u) , v〉 + 1

2
cl co ∂2 f (u) (v, v) + 1

2
ε ‖v‖2

BR.

��
The recession cone A∞ of a non empty set A ⊂ R

n consists of all limit points limi→∞ti ai ,
where {ai } ⊂ A and {ti } is a sequence of positive numbers converging to 0. It is important
to note that a set is bounded if and only if its recession cone is trivial.

3 Second order necessary optimality conditions

As in [26], we give optimality conditions without any convexity assumption on the lower
level problem and without the assumption that the solution set S (x) is a singleton. In this
case, according to [12], problem (P) can be replaced by

(
P∗) :

⎧⎨
⎩

Minimize f (x, y)

subject to : 0 ∈ F(x, y), 0 ∈ G(x, y),

g (x, y) − V (x) ≤ 0,

provided that (P∗) has an optimal solution [20], where

V (x) := min
y

{
g (x, y) : 0 ∈ G(x, y), y ∈ R

n2
}

denotes the optimal value function of the lower level problem.
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Remark 3.1 Under the following hypotheses (H1) , (H2) and (H3) , the optimization prob-
lem (P∗) has at least one optimal solution.
(H1) : f (., .) , g (., .) are continuous, F (., .) and G (., .) are continuous on R

n1 × R
n2 ;

(H2) : V (.) is upper semicontinuous (u.s.c.) on R
n1;

(H3) : The feasible set of problem (P∗) is nonempty and bounded.

Let C be the feasible set of problem (P∗) and let

V (x, y) : = V (x) and

H (x, y) : = (F (x, y) , G (x, y) , g (x, y) − V (x) + R+) .

For t∗ = (μ∗, υ∗, γ ∗) ∈ R
p
+ × R

q
+ × R+, we consider the function

L
(
t∗, (x, y)

) := f (x, y) + CH
(
t∗, (x, y)

)
= f (x, y) + CF

(
μ∗, (x, y)

) + CG
(
υ∗, (x, y)

) + γ ∗ (g (x, y) − V (x))

and the set

Ct∗ := {
u := (x, y) ∈ C such that 0 = CH

(
t∗, u

)}
.

Let u := (x, y) ∈ C . In the following theorem, we will need

J (u) = {
t∗ ∈ R

p
+ × R

q
+ × R+ such that

∥∥t∗
∥∥ ≤ 1 and 0 = CH

(
t∗, u

)}
and

T Lin (u) := {
d ∈ R

n1 × R
n2 : ∀t∗ ∈ J (u) ∃p∗ ∈ ACH (t∗,.)(u) with

〈
p∗, d

〉 ≤ 0
}

Remark 3.2 In general, we have K (C, u) ⊆ T Lin (u). Using a suitable regularity assump-
tion, one can get equality of both sets (see [14] and [5]).

Theorem 3.3 Let t∗ ∈ J (u) and let u := (x, y) be a local optimal solution of prob-
lem (P). Assume that f, CF (μ∗, x) , CG (υ∗, x) , g and V admit compact first order
approximations A f (u) , ACF (μ∗,.) (u) , ACG (υ∗,.) (u) , Ag (u) and AV (u) at u. Then, for all
d ∈ K (Ct∗ , u) , there exist A1 ∈ A f (u) , A2 ∈ ACF (μ∗,.) (u) , A3 ∈ ACG (υ∗,.) (u) , A4 ∈
Ag (u) and A5 ∈ AV (x) × {0} such that〈

A1 + A2 + A3 + γ ∗ (A4 − A5) , d
〉 ≥ 0.

Proof Let u := (x, y) be a local optimal solution to (P). Then, by definition of the mapping
H , (x, y) is also a local optimal solution of the problem

(
P∗) :

{
Minimize f (x, y)

subject to : 0 ∈ H (x, y) .

Let ε > 0 and d := (
d1, d2

) ∈ K (Ct∗ , u) be arbitrarily chosen. Then, there exist sequences
(tn) ↘ 0, (dn) := (

d1
n , d2

n

) → d such that u + tndn ∈ Ct∗ . Hence, for n large enough,

0 ∈ H (u + tndn) , CH
(
t∗, u + tndn

) = 0 and f (u + tndn) − f (u) ≥ 0.

Thus,

L
(
t∗, u + tndn

) − L
(
t∗, u

) ≥ 0.

Consequently, by the definition of first order approximations, there exist An ∈ AL(t∗,.) (u)

and bn ∈ [−1; 1] such that

L
(
t∗, u + tndn

) − L
(
t∗, u

) = An (tndn) + ε ‖tndn‖ bn ≥ 0.
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Due to compactness of the first order approximations, extracting a subsequence if necessary,
and passing to the limit for n to infinity, we derive the existence of A ∈ AL(t∗,.) (u) and
b ∈ [−1; 1] such that

〈A, d〉 + ε ‖d‖ b ≥ 0.

Then, for ε → 0, we derive the desired inequality

〈A, d〉 ≥ 0. ��
Remark 3.4 Assume that g and the support functions of F, G are continuous (i.e. u.s.c. and
l.s.c.) functions and that they admit compact first order approximations. Then, due to [6], the
set J (u) is nonempty and there exists (μ∗, υ∗) ∈ R

p
+ × R

q
+ such that〈

μ∗, F (u)
〉 = 0 and

〈
υ∗, G (u)

〉 = 0.

For more details see [6, Theorem 7].

Remark 3.5 Let

S (x) = {
y ∈ R

n2 : 0 ∈ G (x, y) and g (x, y) = V (x)
}

denote the set of optimal solutions of the lower level problem. Then,

co
{

Ag (., y) (x) : y ∈ S (x)
}

can be taken as a first order approximation of V at x, see [3,6].

Theorem 3.6 Let t∗ ∈ J (u) and u := (x, y) be a local optimal solution of (P).
Assume that f and CH (t∗, .) admit second order approximations

(
A f (u) , B f (u)

)
and(

ACH (t∗,.) (u) , BCH (t∗,.) (u)
)

at u.

(1) Suppose that A f (u) , ACH (t∗,.) (u) , B f (u) and BCH (t∗,.) (u) are bounded sets. Then,
for all d ∈ NL(t∗,.) (u) , w ∈ K 2 (Ct∗ , u, d) , there exist A ∈ AL(t∗,.) (u) and B ∈
BL(t∗,.) (u) such that

〈A, w〉 + 〈Bd, d〉 ≥ 0.

(2) Suppose that A f (u) and ACH (t∗,.) (u) are bounded and that B f (u) and BCH (t∗,.) (u)

are not bounded. Then, for all d ∈ NL(t∗,.) (u) there exist B ∈ [
BL(t∗,.) (u)

]
∞ \ {0}

such that

〈Bd, d〉 ≥ 0.

Here,

NL(t∗,.) (u) :=
{

d ∈ R
n1 × R

n2 : max
A∈AL(t∗,.)(u)

〈A, d〉 = 0

}
.

Proof Let u := (x, y) be a local optimal solution of problem (P). Let d ∈ NL(t∗,.) (u) and
w ∈ K 2 (Ct∗ , u, d). Then, there exists (tn, wn) → (

0+, w
)

such that

u + tnd + t2
n wn ∈ Ct∗ .

Thus, for n large enough,

0 ∈ H
(
u + tnd + t2

n wn
)
, CH

(
t∗, u + tnd + t2

n wn
) = 0
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and

f
(
u + tnd + t2

n wn
) − f (u) ≥ 0.

Consequently,

L
(
t∗, u + tnd + t2

n wn
) − L

(
t∗, u

) ≥ 0.

Let ε > 0 be arbitrarily chosen. Then, for n large enough, there exist An ∈ AL(t∗,.) (u) , Bn ∈
BL(t∗,.) (u) and bn ∈ [−1; 1] such that

〈
An, tnd + t2

n wn
〉 + 〈

Bn
(
tnd + t2

n wn
)
, tnd + t2

n wn
〉 + ε

∥∥tnd + t2
n wn

∥∥2
bn ≥ 0.

That is ,

tn 〈An, d〉 + t2
n 〈An, wn〉 + t2

n 〈Bn (d + tnwn) , d + tnwn〉 + t2
n ε ‖d + tnwn‖2 bn ≥ 0.

Since d ∈ NL(t∗,.) (u) , one has

〈An, d〉 ≤ 0.

Then,

〈An, wn〉 + 〈Bn (d + tnwn) , d + tnwn〉 + ε ‖d + tnwn‖2 bn ≥ 0.

Consequently,

〈An, wn〉 + 〈Bnd, d〉 + tn 〈Bnd, wn〉 + tn 〈Bnwn, d〉 + t2
n 〈Bnwn, wn〉

+ ε ‖d + tnwn‖2 bn ≥ 0.

• If the sequences {An} and {Bn} are bounded, then we may assume that they converge
to some A ∈ AL(t∗,.) (u) and B ∈ BL(t∗,.) (u). Moreover, by compactness of [−1; 1] ,

extracting a subsequence if necessary, one may assume that there exist b ∈ [−1; 1]
such that

〈A, w〉 + 〈Bd, d〉 + ε ‖d‖2 b ≥ 0.

Letting ε → 0, we get

〈A, w〉 + 〈Bd, d〉 ≥ 0.

• If the sequence {Bn} is not bounded and the sequence {An} is bounded, we may assume
that

lim
n→∞ ‖Bn‖ = ∞

and

lim
n→∞

Bn

‖Bn‖ = B0 ∈ [
BL(t∗,.) (u)

]
∞ \ {0} .

Consequently,

〈B0d, d〉 ≥ 0. ��
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4 Second order sufficient condition

Let u ∈ C . Assume that for all t∗ ∈ R
p
+ × R

q
+ × R+, the functions f and CH (t∗, .) admit

second order approximations
(

A f (u) , B f (u)
)

and
(

ACH (t∗,.) (u) , BCH (t∗,.) (u)
)

at u such
that A f (u) and ACH (t∗,.) (u) are compact sets.

Theorem 4.1 Suppose that there exists t∗ ∈J (u) such that for all directions d∈K (C, u)\{0}
and A ∈ AL(t∗,.)(u) one has

〈A, d〉 > 0.

Then, u is a strict local optimal solution of (P).

Proof Assume that u is not a strict local optimal solution of (P). Then, there exists a sequence
(un) such that⎧⎨

⎩
un := u + tndn ∈ C, un → u, , tn := ‖un − u‖ , tn ↘ 0,

dn := un − u

‖un − u‖ , dn → d, f (un) ≤ f (u) for all n.
(4.1)

Since un is feasible, we obtain CH (t∗, un) ≤ 0 and, since t∗ ∈ J (u), we have

0 = CH
(
t∗, u

)
.

This implies

L
(
t∗, un

) − L
(
t∗, u

) ≤ 0

Let ε > 0 be arbitrarily chosen. Then, for n large enough, there exist An ∈ AL(t∗,.) (u) and
bn ∈ [−1; 1] such that

〈An, tndn〉 + ε ‖tndn‖ bn ≤ 0

or equivalently

tn 〈An, dn〉 + tnε ‖dn‖ bn ≤ 0.

By compactness, extracting a subsequence if necessary and passing to the limit, we obtain
that there exist A ∈ AL(t∗,.) (u) and b ∈ [−1; 1] such that

〈A, d〉 + ε ‖d‖ b ≤ 0.

For ε → 0, we derive 〈A, d〉 ≤ 0, which is a contradiction to the assumptions of the theorem.
��

Define dist (d, Z) to be the Euclidean distance of a vector d from a set Z .

Theorem 4.2 Assume that u is feasible and that there exist t∗ ∈ J (u) and δ > 0 such that
for all A ∈ AL(t∗,.) (u) , for all d ∈ R

n1 × R
n2 such that

dist (d, K (C, u)) < δ

we have

〈A, d〉 ≥ 0.

If for all d ∈ T Lin (u) and for all B ∈ BL(t∗,.) (u) ∪ ([
BL(t∗,.) (u)

]
∞ \ {0}) we have

〈Bd, d〉 > 0,

then u is a strict local optimal solution of (P).
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Proof Proving the theorem by contradiction, assume that u is not a strict local optimal solu-
tion of (P). Then, there exists a sequence (un) of feasible points satisfying conditions (4.1).
Without loss of generality, we can assume that dn := ‖un − u‖−1 (un − u) converges to
a vector d1. Obviously,

d1 ∈ K (C, u) \ {0} ⊂ T Lin (u)

by Remark 3.2. Put un := u + tndn for all n. Since un is feasible and t∗ ∈ J (u) , we obtain

CH
(
t∗, un

) ≤ 0 and CH
(
t∗, u

) = 0.

Hence,

f (un) + CH
(
t∗, un

) ≤ f (u) + CH
(
t∗, u

)
.

Take an arbitrary ε > 0. Then, this inequality implies the existence of An ∈ AL(t∗,.) (u) ,

Bn ∈ BL(t∗,.) (u) and bn ∈ [−1; 1] such that

〈An, dn〉 + tn 〈dn, Bndn〉 + εtn ‖dn‖2 bn ≤ 0.

By the assumption of the theorem, due to d1 ∈ K (C, u) \ {0} , we have 〈An, dn〉 ≥ 0.
Inserting this into the last inequality, we derive

tn 〈dn, Bndn〉 + εtn ‖dn‖2 bn ≤ 0.

and, hence,

〈dn, Bndn〉 + ε ‖dn‖2 bn ≤ 0.

We proceed investigating the two possible cases that the sequence {Bn} is bounded or not.

• If the sequence {Bn} is bounded, then we may assume that it converges to some B ∈
BL(t∗,.) (u). If, without loss of generality, the sequence {bn} converges to a vector b, this
implies

〈d1, Bd1〉 + ε ‖d1‖2 b ≤ 0.

For ε → 0, we get

〈d1, Bd1〉 ≤ 0,

which is a contradiction.
• If the sequence {Bn} is not bounded, we may assume that

lim
n→∞ ‖Bn‖ = ∞

and

lim
n→∞

Bn

‖Bn‖ = B0 ∈ [
BL(t∗,.) (u)

]
∞ \ {0} .

Consequently,

〈d1, B0d1〉 ≤ 0,

which again is a contradiction. ��
Remark 4.3 Similar results can be obtained using the notion of approximate Hessians when
f, g, CF (μ∗, .) , CG (υ∗, .) are local C1 functions around u.
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With the following example, we illustrate the usefulness of our optimality conditions
(in Theorem 3.3). Let k > 1 be a given real number. We consider⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f (x, y) := (x1 − 2)2 + (x2 − 2)2 − ky,

g (x, y) := −y,

F (x, y) = 0,

G (x, y) =
⎧⎨
⎩

(x, y) ∈ R
n1 × R

n2 × R :
y ≤ 1, y2 ≤ 3 − x2

1 − x2
2

and (y − 1.5)2 ≤ 0.75 − (x1 − 0.5)2 − (x2 − 0.5)2

⎫⎬
⎭ .

Under these assumptions, we investigate the optimization problem

(
P⊗) :

{
Minimize f (x, y)

subject to : 0 ∈ F(x, y), y ∈ S (x) ,

where, for each x ∈ R
n1 × R

n2 , S (x) is the solution set of the following parametric optimi-
zation problem {

Minimize
y

g (x, y)

subject to : 0 ∈ G(x, y)

This is a special case of the general type (P). In this example, the optimal solution of(
P⊗)

is

y(x) =

⎧⎪⎨
⎪⎩

y1 = 1, x ∈ Supp(y, y1),

y2 =
√

3 − x2
1 − x2

2 , x ∈ Supp(y, y2),

y3 = 1.5 − √
0.75 − (x1 − 0.5)2 − (x2 − 0.5)2, x ∈ Supp(y, y3),

where

Supp(y, y1) = {x : x2
1 + x2

2 ≤ 2, (x1 − 0.5)2 + (x2 − 0.5)2 ≥ 0.5},
Supp(y, y2) = {x : 2 ≤ x2

1 + x2
2 ≤ 3},

Supp(y, y3) = {x : (x1 − 0.5)2 + (x2 − 0.5)2 ≤ 0.5}.
In addition, the optimal value function is

V (x) = − min

{
1,

√
3 − x2

1 − x2
2 , 1.5 −

√
0.75 − (x1 − 0.5)2 − (x2 − 0.5)2

}
.

and the feasible set C reduces to

C =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(x, y) ∈ R
n1 × R

n2 × R :
y ≤ 1,

y2 ≤ 3 − x2
1 − x2

2 ,

(y − 1.5)2 ≤ 0.75 − (x1 − 0.5)2 − (x2 − 0.5)2,

min

{
1, 2

√
3 − x2

1 − x2
2 , 1.5 − 2

√
0.75 − (x1 − 0.5)2 − (x2 − 0.5)2

}
≤ y

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

.

Remarking that (x1, x2, y) = (1, 1, 1) is a local optimal solution of
(
P⊗)

, we apply our
results at u = (x, y) = (1, 1, 1).

K (C, u) = {(d1, d2, 0) : d1 + d2 ≥ 0} ∪ {(d1, d2, d1 + d2) : −(d1 + d2) ≤ 0} .

In this case,

J (1, 1, 1) = B
4.

123



J Glob Optim (2010) 47:233–245 243

Let t∗ = (α, β, γ, υ) ∈ B
4, A ∈ AL(t∗,.) (u) and d ∈ K (C, u).Bear in mind that, A ∈

AL(t∗,.) (u) ⇐⇒ ∃μ ∈ [−1, 1] such that

A = (−2 + 2β + γ,−2 + 2β + γ,−k + α + 2β − γ − υ) + μ (1, 1, 0) .

Since t∗ = (α, β, γ, υ) ∈ B
4, one has

|α| + |β| + |γ | + |υ| ≤ 1.

Then

−2 + 2β + γ + μ ≤ 0.

Since d1 + d2 ≤ 0, k sufficiently large, and A ∈ AL(t∗,.) (u) , there exist μ ∈ [−1, 1] such
that {

A = (−2 + 2β + γ,−2 + 2β + γ,−k + α + 2β − γ − υ) + μ (1, 1, 0) ,

(−2 + 2β + γ + μ) (d1 + d2) + (−k + α + 2β − γ − υ) d3 ≥ 0.

Then,

〈A, d〉 ≥ 0.

5 Application

If G = 0Rq and g = 0, then the problem

(
P�) :

{
Minimize f (x, y)

subject to : 0 ∈ F(x, y)

is obtained, where f : R
n1 × R

n2 −→ R is a continuous function and F : R
n1 × R

n2 ⇒ R
p

is a given set valued mapping; n1 ≥ 1 and n2 ≥ 1 are integers. In this case,

H (x, y) := F (x, y)

and

C := {
u ∈ R

n1 × R
n2 : 0 ∈ H (u)

} = {
u = (x, y) ∈ R

n1 × R
n2 : 0 ∈ F(x, y)

}
.

Consider the function

L
(
μ∗, .

) := f (.) + CF
(
μ∗, .

)
for μ∗ ∈ R

p
+, and the set

Cμ∗ := {
u ∈ C such that 0 = CF

(
μ∗, u

)}
.

For u ∈ C, the sets J (u) and T Lin (u) become

J (u) = {
μ∗ ∈ R

p
+ such that

∥∥μ∗∥∥ ≤ 1 and 0 = CF
(
μ∗, u

)}
and

T Lin (u) = {
d ∈ R

n1 × R
n2 : ∀μ∗ ∈ J (u) ∃p∗ ∈ ACF (μ∗,.)(u) with

〈
p∗, d

〉 ≤ 0
}
.

The following corollaries give second order necessary and sufficient optimality conditions
for

(
P�)

.
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Corollary 5.1 [4] Let μ∗ ∈ J (u) and let u := (x, y) be a local optimal solution of problem(
P�)

. Assume that f and CF (μ∗, .) admit second order approximations
(

A f (u) , B f (u)
)

and
(

ACF (μ∗,.) (u) , BCF (μ∗,.) (u)
)

at u such that A f (u) and ACF (μ∗,.) (u) are compact sets.
Then,

(1) for all d ∈ K (Ct∗ , u) , there exist A1 ∈ A f (u) and A2 ∈ ACF (μ∗,.) (u) such that

〈A1 + A2, d〉 ≥ 0.

(2) for all d ∈ NL(μ∗,.) (u) , w ∈ K 2
(
Cμ∗ , u, d

)
, there exist A ∈ AL(t∗,.) (u) and B ∈

BL(t∗,.) (u) ∪ ([
BL(t∗,.) (u)

]
∞ \ {0}) such that

〈A, w〉 + 〈Bd, d〉 ≥ 0.

Corollary 5.2 Let u ∈ C. Assume that for all μ∗ ∈ R
p
+, the functions CF (μ∗, .) and f

admit second order approximations
(

ACF (μ∗,.) (u) , BCF (μ∗,.) (u)
)

and
(

A f (u) , B f (u)
)

at
u such that A f (u) and ACF (μ∗,.) (u) are compact sets.

The feasible point u is strict local optimal solution of
(
P�)

if one of the following condi-
tions is satisfied:

(1) There exists μ∗ ∈ J (u) such that for all d ∈ K (C, u) \ {0} and A ∈ AL(μ∗,.) (u)

one has

〈A, d〉 > 0.

(2) There exists μ∗ ∈ J (u) and δ > 0 such that for all A ∈ AL(μ∗,.) (u) , for all d ∈
R

n1 × R
n2 such that

dist (d, K (C, u)) < δ

one has

〈A, d〉 ≥ 0,

and for all d ∈ T Lin (u) and for all B ∈ BL(t∗,.) (u) ∪ ([
BL(t∗,.) (u)

]
∞ \ {0}) , one has

〈Bd, d〉 > 0.

Remark 5.3 If f and CF (μ∗, .) are continuously differentiable, the sufficient optimality
conditions given by Amahroq and Gadhi [4] are obtained.

6 Conclusion

In this paper, optimistic bilevel programming problems with generalized equations as con-
straints have been investigated. Using the notions of first and second order approximations
[2,3] necessary and sufficient optimality conditions of first and second order have been
described. For this, the bilevel programming problem is reformulated into a one-level prob-
lem using the optimal value function of the lower level. An approximation K (Ct∗,u) of the
contingent cone to the feasible set of the bilevel problem is described using the support func-
tion to an auxiliary set-valued mapping. Then, the first order necessary optimality condition
reduces to nonexistence of a direction of descent for some Lagrangian function to problem
(P∗) within K (Ct∗,u). Under some boundedness assumptions on the second order approx-
imations, the second order necessary optimality condition means that there is no descent
direction in the second order contingent set to the Lagrange function that is also a critical
direction to the Lagrangian. The sufficient optimality conditions can be interpreted similarly.
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